Abstract: In this paper, we introduce the notion of α-admissible mappings in the setting of cone 2-metric spaces over Banach algebras. Some existence and uniqueness results of the fixed point of an α-φ-contractive mapping in cone 2-metric spaces are proved. Some examples are provided which illustrate the results proved herein.
Introduction and Preliminaries
Let X be a nonempty set and d : X × X × X → R + (the set of nonnegative real numbers) be any function satisfying the following properties: Then d is called a 2-metric on X and the pair (X, d) is called a 2-metric space. Gähler [10, 11, 12] first introduced the notion of 2-metric spaces as a generalization of ordinary metric spaces. In the papers [10, 11, 12] Gähler studied several properties of such spaces. On the other hand, Huang and Zhang [9] introduced the notion of cone metric spaces. They used the ordered Banach spaces as a codomain of the metric defined on a nonempty set and proved some basic versions of fixed point theorems for contractive mappings on such spaces. Liu and Xu [6] defined the cone metric spaces over Banach algebras and proved the fixed point results for the contractive mappings with vector contractive constants. The drawback of fixed point theorems in cone metric spaces in the sense of Huang and Zhang [9] and the motivation for the work of Liu and Xu [6] can be found in [5, 17, 18, 19] . Singh et al. [3] combined the concepts of cone metric and 2-metric, and introduced a new type of spaces called cone 2-metric spaces. They also proved a fixed point result assuming that the underlying cone is normal. Very recently, Wang et al. [15] improved the result of Singh et al. [3] by introducing the cone 2-metric spaces over Banach algebra.
In 2003, Ran and Reurings [1] proved an analogue of Banach's fixed point theorem in partially ordered sets endowed with a metric. The results of Ran and Reurings [1] were further investigated by Nieto and Rodríguez-López. Samet et al. [2] introduced the study of a new class of mappings called α-admissible mapping, on metric spaces and generalized the results of Ran and Reurings [1] and Nieto and Rodríguez-López. They established some fixed point theorems for α-ψ-contractive type mappings. In this paper, we introduce the the notion of α-admissible mappings in the setting of cone 2-metric spaces over Banach algebra, and prove some fixed point results for a new class of mappings called α-φ-contractive mapping. Our results generalize and extend the results of Samet et al. [2] in cone 2-metric spaces. Therefore, we obtain the cone 2-metric versions of the results of Ran and Reurings [1] and Nieto and Rodríguez-López. Some examples are provided which confirm the significance of our results.
First, we recall some definitions and properties which will be used throughout the paper. Let A always be a real Banach algebra with a multiplicative unit e, that is, ex = xe = x for all x ∈ A. An element x ∈ A is said to be invertible if there is an inverse element y ∈ A such that xy = yx = e. The inverse of x is denoted by x −1 (see [16] ).
The following proposition can be found, e.g., in [16] . 
A subset P of A is called a cone if:
(1) P is nonempty closed and {θ , e} ⊂ P;
(2) αP + β P ⊂ P for all nonnegative real numbers α, β ;
where θ and e are respectively the zero vector and unit of A. Given a cone P ⊂ A, we define a partial ordering ≼ in A with respect to P by x ≼ y (or equivalently y ≽ x) if and only if y − x ∈ P. We shall write x ≺ y (or equivalently y ≻ x) to indicate that x ≼ y but x ̸ = y, while x ≪ y (or equivalently y ≫ x) will stand for y − x ∈ intP, where intP denotes the interior of P.
The cone is called normal if there exists a number K > 0 such that for all x, y ∈ P
The least number K satisfying the above inequality is called the normal constant of P. The cone P is called solid if intP ̸ = / 0. In the following, we always assume that the cone P is solid cone in Banach algebra A and ≼ is partial ordering with respect to P. 
d(x, y, z) = d(p(x, y, z)) for all x, y, z ∈ X, where p(x, y, z) denotes all the permutations
of x, y, z. 3. d(x, y, z) ≼ d(x, y, w) + d(x, w, z) + d(w, y, z) for all x, y, z, w ∈ X.
Then d is called a cone 2-metric on X, and (X, d) will be called a cone 2-metric space over
Banach algebras A. Cone 2-metric space will be called normal, if the cone P is normal cone. 
], R) be the Banach algebra with pointwise multiplication and the norm defined by ∥x(t)∥
for all a ∈ X and for all n > n 0 . Therefore, x = y, which completes the proof. 
Example 1.12. Let A = R 2 be the Banach algebra with Euclidian norm and multiplication defined by (
x, y ≥ 0} be the cone in A. Define a function φ : P → P by φ(a) = ka for all a ∈ P, where k ∈ (0, 1). Then φ is a comparison function.
Main Results
We start this section by introducing the notations of α-admissible and α-φ-contractive mappings.
Definition 2.1. Let A be a Banach algebra, P be a cone in A and X be a nonempty set. Let T : X → X and α : X × X × X → P. We say that T is α-admissible if 
Then the mapping T is α-admissible. 
Then the mapping T is α-admissible. , y, a) ) for all x, y, a ∈ X (2) Remark 2.6. If we define the function α : X × X × X → P by α(x, y, a) = e for all x, y, a ∈ X, then it is easy to see that every φ-contractive mapping on a cone 2-metric space is an α-φ-contractive mapping. 
Definition 2.4. Let (X, d) be a cone 2-metric space over Banach algebras A and T : X → X be a given mapping. We say that T is a φ-contractive mapping if there exists a comparison function φ such that d(T x, Ty, a) ≼ φ(d(x, y, a)) for all x, y, a ∈ X
Example 2.7. Let X = [0, ∞), A = C 1 ([0, 1
], R) be the Banach algebra with point wise multiplication and the norm defined by ∥x(t)∥ = ∥x(t)∥
∞ + ∥x ′ (t)∥ ∞ . Let P = {x(t) ∈ C 1 ([0, 1], R) : x(t) ≥ 0 for all t ∈ [0, 1]}
Define a mapping T : X → X by T x =
x 1+x for all x ∈ X. Then T is an α-φ-contractive mapping with φ(ϕ (t)) =
Definition 2.8. Let (X, d) be a cone 2-metric space over Banach algebras A and T : X → X be a mapping. Then, T said to be continuous at point x ∈ X, if for every sequence {x n } in X we have T x n → T x as n → ∞, whenever x n → x as n → ∞. T said to be continuous if it is continuous at every point of X.
Next, we state an existence result of the fixed point of a continuous α-φ-contractive mapping on cone 2-metric spaces.
Theorem 2.9. Let (X, d) be a complete cone 2-metric space over Banach algebras A and T : X → X be an α-φ-contractive mapping satisfying the following conditions:
(i) T is α-admissible;
(ii) there exists x 0 ∈ X such that α(x 0 , T r x 0 , a) ≽ e for all a ∈ X, r ∈ N;
(iii) T is continuous.
Then T has a fixed point, that is, there exists x
Proof. Let x 0 ∈ X be such that α(x 0 , T r x 0 , a) ≽ e for all a ∈ X, r ∈ N. Define a sequence {x n } in X by x n+1 = T x n for all n ∈ N.
Therefore, α(x 0 , x r , a) ≽ e for all a ∈ X, n ∈ N. By α-admissibility of T we have α( x r+1 , a) ≽ e for all a ∈ X, n ∈ N. By induction we obtain α(x n , x r+n , a) ≽ e for all a ∈ X, n ∈ N.
If x n = x n+1 for some n ∈ N, then x * = x n is a fixed point of T . Assume that x n ̸ = x n+1 for all n ∈ N.
Since T is an α-φ-contractive mapping, using (3) and Remark 1.2 we obtain: for all
Using the properties of φ, by induction we obtain that
For c ≫ θ , we can choose n 0 ∈ N and δ > 0 such that
Therefore, by Lemma 1.3, (4) and the above inequality we obtain
We shall show that the sequence {x n } is a Cauchy sequence. Then, for n > n 0 , using (3) we have
Similarly, for n > n 0 using (3) we obtain
By induction, we obtain d(x n , x n+r , a) ≪ c for all r ∈ N and n ≥ n 0 .
Thus, {x n } is a Cauchy sequence in the cone 2-metric space. Since (X, d) is complete, there exists x * ∈ X such that x n → x * as n → ∞. We shall show that x * is a fixed point of T . From the continuity of T , it follows that x n+1 = T x n → T x * as n → ∞. In view of Remark 1.8 we obtain x * = T x * , that is, x * is a fixed point of T .
In the next theorem, we replace the continuity of T by another hypothesis which does not depend on the nature of T . 
(iii) if {x n } is a sequence in X such that α(x n , x n+1 , a) ≽ e for all n ∈ N and x n → x ∈ X as n → ∞, then α(x n , x, a) ≽ e for all n ∈ N. 
) .
where
where {x n }, {y n } ∈ S 0 and for all (a 1 , a 2 ) ∈ X; and α(x, y, a) = θ = (0, 0) for all other values of x, y, a ∈ X. Then the mapping T is a α-φ-contractive mapping with φ(
Note that, if we choose x n = 1 a n for all n ∈ N, then {x n } ∈ S 0 and α (( 1 a n , 0 
It is clear from the above example that the fixed point of the class of mappings considered in the previous theorem may not be unique. To assure the uniqueness of the fixed point, we will consider the following hypothesis.
(H):
For all x, y ∈ X, there exists z ∈ X such that α(x, z, a) ≽ e and α(y, z, a) ≽ e for all a ∈ X. for all a ∈ X. Then, the proof follows from Theorem 2.9.
The following corollary is an improved version of the Nieto and Rodríguez-López's [7] fixed point theorem in cone 2-metric spaces. (iv) if {x n } is a sequence in X such that x n ⊑ x n+1 for all n and x n → x ∈ X as n → ∞, then x n ⊑ x for all n ∈ N.
Then T has a fixed point, that is, there exists x * ∈ X such that T x * = x * .
Proof. Define the mapping α : X × X × X → P by α(x, y, a) = { e, if x ⊑ y; θ , otherwise for all a ∈ X. Then, the proof follows from Theorem 2.9.
